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Introduction

Fossil fuels play a significant role in the world economy since
automobiles, trains, airplanes, and most power plants use
fossil fuels. The continued demand for fossil fuels leads to
severe problems like environmental pollution, climate change,
and economic dependence on other nations. Renewable energy
sources alleviate this problem to a certain extent, but they are
not capable of generating large quantities of electricity relative
to fossil fuels, and their supply can be unpredictable and
inconsistent. Therefore, there is a need to develop new
technologies which are consistent, have a high energy density,
and have minimal effects on the environment. Emerging
battery technologies are addressing these problems of
renewable and fossil fuel energy sources since they can store
and release energy on demand. In recent years significant
strides have been made in lithium battery technology. Lithium
batteries are the primary sources of power in modern-day
applications, such as portable consumer electronics, electric
and hybrid electric vehicles (EV and HEV), implantable
electronic medical devices and space vehicles [1-4]. M.
Stanley Whittingham, inventor of the lithium-ion battery for
Exxon recently predicted that “within ten years, every vehicle
will be hybrid or electric.” Because of technological advances,
there is a lithium rush in battery technology reminiscent of the
fossil fuel rush in the last century. In just a few years, thanks
to battery advances, “the fossil-fueled car will be an aesthetic
choice, not an economic necessity. And our city electric grids
will be a lot more complicated yet more predictable, reliable
and economical” [5].

Li-ion batteries do however have a significant drawback
because its cycle life is shortened when operating at high or
low temperatures. The battery capacity decreases significantly
during operations at high temperatures due to irreversible
chemical reactions [6]. If cell temperature is not monitored
and controlled, a battery can experience a thermal runaway,
with the risk of explosion [7, 8]. Vehicle applications require
battery monitoring system (BMS) to not only protect Li-ion
batteries from overheating and overcharging and over-
discharging, but the BMS is also vital for formulating power
management strategies that account for battery electrical and
thermal performance limitations while minimizing fuel
consumption and emissions. Thus, the lithium ion battery
model incorporated in the BMS must provide accurate real-
time knowledge of the battery’s temperature and its state-0f-
charge and voltage. A disadvantage common to dimensional
physics-based Li-ion battery models are the long simulation
time due to a large number of nonlinear equations, so these
models become computationally inefficient for simulating
conditions in real-time. Thus, a large body of research has

ensued towards developing reduced-order models (ROM) for
Li-ion batteries.

Equivalent-circuit models (ECM), which do not consider
fundamental physics, have been widely used to mimic
relationships between the battery input and output systems
while providing real-time computation. [9-12]. ECM use
electrical circuits to simulate Li-ion cells using capacitors to
model the battery capacity while variable resistors and
controlled voltage sources model the effect of temperature or
SOC variations. Another widely applied approach for
providing real time computation is black box modeling. Black
body modeling relies on developing an equivalent transform
function with multiple inputs and outputs. Like ECM this
method relies on experimental data for a battery [13]. ECM
and transform functions are usually implemented in a "mixed
approach™ combined with thermal and aging models in Figure
1[14].
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Figure 1 Equivalent Circuit Model Based Battery
Management System

A significant drawback to these models has been that the
states in the reduced-order system do not retain the physical
meaning of the original system. The single particle (SP) model
has been proposed to improve computational run time without
compromising accuracy, [15,16]. In the single particle
thermal model formulations, the local potential and
concentration gradients in the electrolyte phase are ignored
and accounted for using a lumped solution resistance terms
[17-19]. Similarly, the potential gradients in the solid phase of
the electrodes are also disregarded, and the porous electrode is
treated as a large number of individual particles all being
subjected to the same conditions. The single particle thermal



formulation accounts for ion transport in the electrode
particles and the intercalation reaction kinetics.

Lithium iron phosphate (LiFePQa) is the most commonly used
phosphate-based cathode material for Li-ion batteries.
LiFePO4 has a strong tendency to separate into solid high Li+
concentration and low Li+ concentration phases, resulting in
the batteries characteristic wide voltage plateau at room
temperature. Initially, it was believed that LifePO4 was
destined for only low rate applications due to its tendency for
phase separation [20]. The now well-known high rate
performance characteristics of the LiFePO, cathode came
mostly from these advances: particle size reduction to nano-
scale, carbon coating, incorporation of dopants, and diluting
the cathode’s active mass [21-25]. Traditionally mathematical
models of intercalation dynamics in LiFePO4 cathodes were
based on a spherical diffusion or a shrinking core concept [26-
28]. However, recent experimental and theoretical advances
indicate a more realistic single particle (SP) model must
account for phase equilibrium and nonequilibrium solid-
solution transformations [29-33]. These advances are
transforming the way we understand intercalation kinetics and
ion transport in LiFePOa.

In an actual battery, all particles do not simultaneously
participate in the charging and discharging of the electrode.
Beyond this, the study of LiFePO4 at the mesoscale is an
emerging field. Therefore, at the present, SP model parameters
cannot be simply scaled up to bulk battery scales. The room
temperature diffusivity of lithium in LiFePOq is reported in the
literature as low as 10°® and as high as 10 cm?/s, and
similarly, reported values of the exchange current density for
LiFePO4 also vary over several orders of magnitude. The
most significant factor in these discrepancies is the
misrepresentations associated with the relationships between
the electrode’s bulk, multiple particle, and single-particle
scales [34]. The ROM presented below is a thermal model
derived from a SP Cahn Hilliard simulation of the LiFePO4
cathode. The ROM is developed and validated based on
experimental electrical and thermal data and property data for
an A123 Systems 26650, 2.3 Ah cylindrical battery [35].

Theory

We applied a 3D Cahn-Hilliard SP phase field model for
LiFePO4 nanoparticles to serve as a test-bed for the
development and verification of the ROM. The phase field
model allowed estimation of the battery's voltage plateaus and
also validated the voltage, SOC profiles as a function of
temperature. A phase field model is necessary for modeling
systems in which the diffuse interface is essential to the
problem, such as spinodal phase decomposition. The model
determines the chemical potential as a function of solid phase
ion concentration. We assumed the particle was spherical and
isotropic and did not consider particle surface wetting. The
model equations are presented below where the overbar
indicates dimensionless parameters and variables.

The diffusion chemical potential based on the regular solution
model and derived from the Cahn-Hillard free energy
functional is,
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The basic evolution equation for mass conservation is,

X=-7F Eq2
where ¢ is the ion concentration and F is the ion flux. The ion
flux is driven by the gradient of the diffusional chemical

potential [t as,

F=M7ﬁ, Eq. 3
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where Do is the ion diffusivity and cr is the maximum ion
concentration, T is the absolute temperature, ky, is Boltzmann’s
constant, 2 is the enthalpy of mixing per site, K is the gradient
energy penalty coefficient and Vs = 1/cm.

Voltage enters the Cahn- Hilliard SP model via Butler-Volmer
kinetics derived from transition state theory for concentrated
solutions [29] as

I'=Ilexp(— ami—exp((1— &)7)]. Eq.4

where a is the electron-transfer symmetry factor, and n = A¢ -
Adeq is the surface overpotential due to the activation
polarization, A¢ is the local voltage drop across the interface
and Adeq is the Nernst equilibrium voltage. The boundary
conditions we applied in dimensionless form are

Ii(o,t) =0,

Transient temperature responses were incorporated into the
ROM by an enthalpy balance on the bulk battery. An A123
Systems 26650, 2.3 Ah cylindrical battery was chosen for the
study because it is widely studied and property data is readily
available. A cylindrical Li-ion battery is fabricated by rolling a
stack of cathode/separator/anode layers. The individual
layered sheets are thin, and lumped parameters are used so
material properties such as the thermal conductivity, density,
and specific heat capacity are assumed to be constant in a
homogeneous and isotropic body. The thermal conductivity is
one or two orders of magnitude higher in the axial direction
than in the radial direction resulting in a relatively uniform
temperature distribution in the axial direction [42,43]. Also
given natural convection the heat transfer at the surface is
much smaller than the internal heat transfer by conduction
resulting in insignificant temperature gradients inside the
battery. Under these assumptions, the energy balance
equation in the battery can be described by one bulk volume
averaged temperature [44]. To predict the thermal response
of the battery we used a simplified energy balance equation
for the enthalpy change for electrochemical reactions [45].
Assuming constant system volume and pressure, and
neglecting heat generation due to enthalpy-of-mixing, the
energy balance equation is expressed as

oT Vo .
Mc, 5 = I(Voc—Ta—T)—IV+ gsr EQ.5



where V. represents the open-circuit voltage (OCV). The
OCV is generally a function of the battery state-of-charge

(SOC) and temperature (T). The term IT%is the reversible

heat generation and can be calculated from the entropy of
reaction [46]. In this study, this reversible heat generation is
neglected for simplicity. This simplification is warranted since
it is insignificant for the LIFePO4 chemistry [47, 48]. Given
this simplification the OCV becomes a function of SOC only
and Equation 5 was solved exactly for the battery’s
temperature response
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Posing the battery’s thermal model in the above manner
delegates it’s highly nonlinear bulk phase behavior to the
enthalpy balance where the particular battery’s OCV is
utilized. Under the assumption that the ion activity in the
electrolyte adjacent to the particle (based on dimensionless ion
concentration) is 1.0, Adeq = - p/e [31]. This gives the
voltage profile for the single particle battery V = V% +n —
u/e where V@ is the standard potential defined by the open
circuit voltage plateau (3.42 V vs. Li metal). In terms of the
hyperbolic sin and solving for n this gives the voltage of the
single particle battery as
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While it is widely believed that phase separation is suppressed
in the typical operation of LiFePO, batteries, the emergent
plateauing effect for the battery voltage response is related to
the tendency of LiFePO, towards phase transition [47]. There
appears to be a marked increase towards a typical diffusion-
controlled response for the A123 Systems 26650 battery for
lower ambient temperatures reminiscent of the COMSOL
simulations in Figure 3.

Simulation Results / Discussion

The Cahn-Hilliard SP model is a fourth-order partial
differential equation in concentration, so casting it directly in
the weak form results in second order spatial derivatives in the
weak formulation. Our model resolves this by rephrasing the
problem in COMSOL Multiphysics' standard PDF format as a
system of two coupled second order PDEs in ion concentration
and chemical potential respectively [32].

Parameter studies were conducted for conditions producing
enthalpies of mixing resulting in repulsive and attractive
forces between Li+ ions and vacancies. When the particle
repulses the added ion (22 < 0) or when the ion is attracted but
T > T, = 2/2 ky, phase separation is not expected to occur. For
these cases, the intercalation process is a simple nonlinear
diffusion of the ion. Battery voltage profiles for repulsive
behavior (22 = -2) shown in Figure2 were similar to simple
diffusion or shrinking core model responses
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Figure 2: Voltage vs. filling fraction with mixing enthalpy = -2.

Enthalpies in the attractive range, result in much different
results from the simple diffusion behavior in Figure 2. Figure
3 shows discharge curves for the attractive cases 2 =1 and 2.
For these values even though there is no phase change there is
significant plateauing of the discharge response.

35
3.48 Q=11

3.46 Q=2 ] ]
> 344+ =
3.42 - _
3.4 r B
3.38 | \\
336 1 1 1 1
0 0.2 0.4 0.6 0.8
X (Fillling Fraction)
Figure 3: Voltage vs. filling fraction with mixing enthalpies 1 and 2.

and increasing 2 results in a rotation of the voltage response
about the half-filled particle concentration. For mixing
enthalpies > 2, phase separation can theoretically occur. This
behavior is shown in Figures 4 and 5 for 2 = 2.5. Spinodal
phase decomposition results in a sudden increase in voltage at
the onset of two-phase behavior. Thereafter the voltage is
effectively constant until the solution once again becomes a
single high concentration phase.
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Figure 4: Voltage vs. filling fraction for solid solution with /2 = 2.5.



Figure 5: Dimensionless ion surface concentration for /2= 2.5.

Data sets for the RHS of Equation 7 for thermal embedding
were generated by fitting T.. = 253, 273 and 298 K
corresponding to the A123 Systems 26650 battery data sheet.
Temperature profiles from the bulk battery enthalpy balance
were incorporated into the energy term in Equation 7 and the
exchange current density term in Equation 7 was fitted to the
datasheet voltages at 50 percent SOC corresponding to the
half-filled single particle according to fraction of filling (xs)
defined as
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The dataset consisted of one hundred values of the RHS of
Equation 7 as a function of SOC and T.. and
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test battery datasheet voltage profiles were sampled for the
same SOC and xs values.
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A was decomposed by Singular Value Decomposition as A =
U-Z'VT. Figures 6 and 7 show the results for retaining two
and one singular values respectively. There was an
insignificant improvement of the model fit for over two
singular values but retaining only one is inadequate for fitting
the experimental battery discharge data. The magnitude of the
singular value associated with 253 K >> 273 K>>298 K.

¢ Experimental, T= 253 K

= * Experimental, T= 273 K
2 Experimental, T= 298 K
> — Model, T= 253K

— Model, T=273K

— Model, T=298 K

20 40 60 80 100
SOC (%)

Figure 6: Voltage SOC Response with two Singular Values.
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Figure 7: Voltage SOC Response with One Singular Value.

According to Eckart-Young theorem the resulting Ax with
numerical rank k = 2 is the best low rate matrix for fitting the
battery spread sheet data. To generalize the model for any
temperature over the batteries operating range the
pseudoinverse was used to solve for the vector X.

X = V.Pseudolnverse[Ay]

The vector X was then decomposed to include the
product of a diagonal matrix and a 2D rotation matrix.

Sr 0 Cos(6;) —Sin(6y)

0
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Where S; and é; are simple second order interpolations of
temperature (T) specific to the A123 Systems 26650
battery.

S =0.0000053467 T? — 0.00308735 T
+ 0.44286
6y = —0.000019333 T? + 0.13319T — 1.19228

The final fit of the model is shown in Figure 8 for the
spread sheet temperatures and intermediate temperatures
263 and 285 K.
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Figure 8: Voltage SOC Response for the ROM Thermal Model

Conclusion

There is no existing theory for simply “scaling-up” Cahn
Hilliard single particle models to reflect bulk battery behavior.
We do not make inferences as to the actual magnitudes of the
meso-scale parameters. However, our statistical approach
based on singular value decomposition and principal
component regression incorporates Cahn-Hilliard single
particle simulation results by fitting low order temperature
dependent parameters in hyperspace. We present our model as
the lowest order thermal model cable of statistically modelling
the emergent voltage plateauing of LiFePQO, batteries and
more significantly the transition between plateauing and
diffusion like voltage responses. The resulting ROM is
computationally competitive with existing ECMs and is
unique in its ability to simulate emergent SP properties in a
full-scale battery thermal model.
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